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Abstract. A theoretical analysis for site-to-site jump
rates for anisotropic molecules is presented. The
molecular shape 1s regarded as a mechanical aniso-
tropy in the form of finite moments of inertia, as
well as anisotropy with respect to the interaction
potential. The mutual coupling between rotational
and translational motion necessarily produces a
competitive effect between the equilibrium align-
ment in the local field and the precession of the
figure axis, leading to an increase of the effective
activation energy. As a numerical example the jump
rate for a water molecule in a gramicidin-like
channel has been calculated, and a temperature-
independent reduction of some 15% for the rate as
compared to the point-like molecule has been found.
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Introduction

In various recent publications (Schroder 19834, b,
1985, 1986) a microscopic rate theoretical approach
has been used to describe the transport of ions
through molecular membrane channels. In the real-
istic case of a responding channel system the proper
discussion of transport properties involves the
analytical and numerical evaluation of a multi-
dimensional reaction process. Since a jump rate has
to be defined with respect to a certain reaction
coordinate, the entire reaction process, involving all
dynamic variables, has to be mapped onto one
coordinate. This is possible, provided the saddle
point configuration of the potential hyper-surface is
known. Accordingly, the escape (or reaction) rate
can be represented as the projection of the total
unidirectional current across the saddle, which fol-

lows the reaction path along the steepest descent,
onto the selected reaction coordinate. In the case of
a transport mediating molecular channel the reac-
tion coordinate is naturally given by the channel
axis, whereas the reaction path is determined by the
actual topology of the potential hyper-surface. This
means that the path depends on the orientation of
the ligands as induced by the respective position of
the ion. The application of this procedure to a
gramicidin-like channel model has been rather suc-
cessful with respect to the explanation of ion selec-
tivity in such systems (Schroder 1986).

Only ions have been subject to rate theoretical
discussions in the previously published calculations.
Although general characteristics of the behavior of
systems including water can be predicted from
known results, a more realistic approach requires
the presence of water molecules in the channel,
which could be there even in the absence of ions.
The inclusion of water on a molecular level, how-
ever, poses two different problems, one of which
has to do with the many-particle aspect. In principle,
the water molecules do not behave very differently
from dipolar ligands, but the numerical evaluation
will be rather tedious (Kim etal. 1985; Mackay
etal. 1984). The other problem is due to the addi-
tional rotational degrees of freedom and has to do
with the mutual coupling of translational and rota-
tional motion.

For any given position a water molecule within a
molecular channel will align its dipole moment
parallel to the local field. However, owing to its
distinct moments of inertia a water molecule is an
asymmetric top spinning in the local field. Since the
typical motion of a top in an external field involves
precession and nutation of the figure axis, the dipole
moment of a rotating water molecule cannot, on the
average, be expected to be aligned parallel to the
local field. On the contrary it will show an average
deviation which depends on the moments of inertia
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and the coupling of the rotational degrees of free-
dom to the local field. This effect is of particular
importance for the saddle point configuration, since
a mean deviation from the equilibrium orientation
effectively increases the activation energy.

Accordingly this article consists of two parts. In
the first one the expression for the escape rate of a
generally anisotropic particle caught in a potential
well is derived using the formalism of the transi-
tion state method in multi-dimensional systems, as
described previously (Schroder 1986). The anisotro-
py of the respective particle may be reflected in its
form as well as by its interaction with the environ-
ment. In the second part escape rates are calculated
numerically for the example of a water molecule in
a model gramicidin-like channel.

I. Escape rates for anisotropic particles

The starting point of the present theoretical discus-
sion is the basic, general definition of the escape
rate I’ in a multi-dimensional system (Vineyard
1957):

I'={o(%x) (xdS)d"x, xdS>0 (L1)

I' is the projection of the unidirectional current
across the saddle point in the direction of the reac-
tion coordinate, which may be any one of the #» com-
ponents of the position vector

x=1{x,} u=1,...,n.

With respect to any given decay channel dS is the
hyper-surface element of dimensionality #»—1 with
dS = d"lx cutting through the saddle point parallel
to the chosen reaction coordinate. In other words,
the integration of the equilibrium distribution func-
tion o (x,x) over dS represents the configurational
integral in the subspace orthogonal to the respective
reaction coordinate. It was shown (Schroder 1986),
that Eq. (I.1) can easily be evaluated if canonical
pairs of variables {p, g} referring to the saddle point
configuration are introduced with the aid of

X=Xy (gn) ¥ Qus Xn=9n L2)
and
; , Ox
Xy = pu/my, xnz(pn_Z Dy D ”)/mn,
H qn

where x, was chosen to be the reaction coordinate.
The set of equilibrium coordinates

X(xy)={X,(x»)}, pu=1..,n-1,

determines the saddle point landscape and can be
obtained from the roots of » —1 equations

oV(x)
Ox,

=fll('f(xn)exn) =0,

where V(x) is the interaction potential involving all
n degrees of freedom. Then the rate with respect to
qn= X, is given by

r=§g,d'pfd-'qexp(-f-H)/Z, ¢:>0 (L3
where
Z=[dpfdqexp(-5-H),
is the sum of states and
, , 0% 2

H=%Z pﬁ/mﬂJf%(Pn—z aqﬂ pu) /m,+ V(q)

# Lo 14
the Hamiltonian of the system. This procedure can
easily be extended to particles with form-anisotropy
and anisotropic interaction. Assuming that such a
particle possesses three rotational and one transla-

tional degree of freedom, the total instantaneous
energy may be written as

3
E=lm#22+13 L o?+V(Q,2), (L5)
i=]

where V(£,z) is the potential energy depending on
position z and the set of three Euler angles

Q={a,p,7}.

The rotational kinetic energy is expressed by carte-
sian angular velocities, w,, in the molecular fixed
frame and by three distinct moments of inertia I,
which reflect the molecular form-anisotropy. The
relations between the w, and rotations in the labora-
tory frame are given by (Edmonds 1960):

w = f-siny—a-sinf-cosy
wy=f-cosy+o-sinf-siny {1.6)
w3=0-cosf+y.

For any given position the potential energy may be
minimized with respect to the orientations, using the
conditions

LD @20

ov(Q, «

T GG @)
oV(Q,z)

5y = H@@.2)=0
which vyield a set of three equilibrium angles

G@)=1{20), 0@, 7@}.

In the next step new independent angular variables
are introduced as deviations from equilibrium:

o= 8 (z) + do
p=F)+p (1.8)
y=179(2)+dy.



The substitution of the time-derivatives
04

cx=azz+5oc

ﬁ=€@z+5/3 (L9)
.09

y = azé—kéy

in Eq. (I.6) leads to the obvious decomposition of
the cartesian angular velocities in form of

w, = o, + aa”f : (L.10)
and the kinetic energy as

36, \2
En=1m 7211( = ) (IL11)
where the angular distortion field is defined by:
Gl of . oa .
3~ B: siny s sin ff - cos y
6@2 0 ﬁ 0d
3~ s cosy + 22 sinff-siny (L12)
% aOC ﬁ + —_
0z 0z

Accordingly the angular momenta are obtained as
0Fyin 04,
;= k (5 i+ )
0 (5(»,) 0z
whereas the translational canonical momentum is
given by
a SLkm

0z

Thus the desired Hamiltonian is:

(L13)

(L14)

H= (p ZL a‘”’) /Qm)+1 2L2/1 +V(Q,7).

=t 1.15)
With the knowledge of the Hamiltonian the evalua-
tion of the rate constant I according to Egs. (L1)
and (1.3) poses no problem. Formally one finds:

sz'dpja”LfdQ exp (—BH)
I =

Vdp | L dQ {dzexp(—BH) " (L.16)

The integrations of the kinetic and potential con-
tributions, respectively, can be carried out sepa-
rately. The integral over momentum space in the
numerator yields

I eXp (_ﬂEkm) z dp _[ d3L
=kpT -V Quks T} (m*/m) -1, I, I5,
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whereas the corresponding result for the denomina-
tor gives
fexp (- BEw) dp &L= V@rksTYmI L1; .

Up to spatial integrations the expression for the rate
can be written as:

[ dQ exp (= BV (RQ,¢))/Ym*
[dQ [dzexp (- pV(Q,2))

I'=VksT/Q2m) -

L17)

[4
Here |...dz denotes the integration between two

a
saddle points.

The quantity m* would correspond to the effec-
tive mass in the case of point-like particles, but for
an anisotropic molecule with distinct moments of
inertia it is a function which generally depends on
the spatial orientation Q:

m*(Q,c) m+11 (aail) +Iz(aa¢zz) +I3(aa¢;) .

(L18)

This is due to the fact that other than for a point-
like particle the coefficients in the quadratic form of
the kinetic energy are still functions of the general-
ized coordinates, i.e. of o, f, and y. The quantity in
the denominator of Eq. (I.17) involves the configura-
tional integral

Q(2) =Jexp (- BV(Q,2)) d2
= Qo exp(=4V*(2),

where

VE(Z)=—ksT In{fexp (- fV(Q,2)) dQ}

+ kT InQy (1.19)

is the potential of the mean force and Q, the con-
figurational integral in absence of the molecule, i.e.
i lim V*(z)=0.

An analogous decomposition of the numerator is
obviously not possible. The explicit angular depen-

dence of the effective mass function is given by
Eq. (I.18) with the aid of Eq. (1.12):

of o4 2
m*(Q,¢c)=m+ I (F’f—siny——é—g—sinﬁcosy)

R i 5
+ 1 (a—ﬂ cosy + 6_oc sin /7 sin y) (1.20)

oz 0z
o4 09\?
+13($COS'B+E) .

Only in the special case of a spherical particle,
I=1,=1,=1;, and independence from the molecu-
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lar azimuth v, the effective mass function becomes a
constant,

e [2-(2]

and the rate can be written as:

[ =Yy T/CTm™ = exp (=B V* ()

i exp (— B V*(2)) dz

1.21)

However, it is very instructive to attempt a formula-
tion of Eq. (L17) as a generalized Arrhenius law,
i.e., to use the low temperature approximation. For
this purpose we introduce the averaged quantity:

A @) o~ §dQ exp (= pV(Q,0))/)m* .

{dQ exp (—BV(2,¢)

(1.22)

The potential of the mean force is expanded around
the minimum at the position z=5

V*(z) ~ — ks Tln {] dQ exp (= B V(Q,¢)))
+3(z=b) #(T),

"

is a temperature-dependent quantity. After extend-
ing the limits in the Gaussian integral to infinity the
jump rate assumes the desired form:

where

2 (T) = <62V(Q,z)

0z2

(1.23)

I'=vw(T)-exp{—p-[V*(c)—V*(D)]}. 1.24)
With:
w(T)=1/(27) - |/ ﬁ%)_c) >Q (1.25)

The expression (1.24) for the rate departs in several
respects from the simple Arrhenius law. First, the
potential of the mean force, V'* (z), itself is tempera-
ture-dependent, so that the activation energy

AE*=V*(c)— V*(b)

is temperature-dependent.

Secondly, the same indirect temperature depen-
dence is contained in part in the prefactor, namely
in »(T). However, if entropy effects are weak, this
temperature dependence can be neglected. Then the
main temperature dependence of the prefactor
arises through the averaging process involving the
orientation Q. If the anisotropy of the interaction is
strong enough and thus leads to distinct pronounced
minima with respect to one or several Euler angles,
#(T) is essentially represented by a sum of ex-
ponentials.

Thirdly, a similar effect can be expected from a
strong form-anisotropy which is reflected in large
moments of inertia. The respective sum of exponen-
tials would show up in Eq. (1.22), giving rise,
together with Eq. (1.23), to the jump as a multi-
activation process, in which the molecule would suc-
cessively pass through preferred orientations. The
obvious criteria for such a process would be the
observation of a sequence of different slopes in the
Arrhenius plot for sufficiently anisotropic molecules
in the corresponding environment.

II. Escape rate for a water molecule

In this section the escape rate for a water molecule
in a binding site inside a gramicidin-like channel is
calculated according to Eq. (L21). With a slight
modification, considering the head-to-head binding
effect of the gramicidin dimer (Pullman and Etche-
best 1983; Etchebest and Pullman 1984; Etchebest
etal. 1984), the present channel model is identical
with the model used previously (Schroder 1985).
Accordingly the channel is represented by a helical
arrangement of permanent dipoles simulating the
carbony! groups which line the interior of the GA-
channel. There are 32 dipoles, 30 of which possess
the same moment p = q’d with an effective charge
q¢’=0.4e and length d=1.24A. The two head-to-
head dipoles are given half that strength!. One heli-
cal turn includes 6 dipoles with alternating orienta-
tions on a constant radius with gy=6A. The helical
pitch is 6A, thus the dimer has a total length of
31 A with a lattice constant zo=1 A.

The water molecule is assumed to interact with
the channel via its dipole moment only. Thus the
potential energy is given by

V(F) =—pE®F), (IL1)

where p is the dipole moment of the water molecule
and E (¥) is the local field obtained from the con-
tribution of all ligands at their respective posi-
tions 7,
3 . ooy e e o

" p (F—7,) [Py (F~7)]
E(F) = {A £ 3. e £

@) Z‘l =7, [F-F,

(IL2)
With 7, = {0y cos ,, 00" sind,, " zo} and F={0,0,z}
(for simplicity the water molecule is kept on the
channel axis) and the introduction of the dimension-
less quantities { = z/zy and 4 = @y/zy as well as the
aid of the auxiliary quantities
Ri=((—w*+4?
Q,=((—u) cos§,—4-sind,,

1 A. Pullman, private communication



the three components of the local field can be
written as:

E(Q)=1/z23),p, cosg,  (sind,+34 - 0,/RY/R}
M

E,()= 3 Zpu "sing, - (sing,+34 - Q#/le)/Ri

Es(0)= Z “[cos 8, + 3 ({—p) Qu/RIVR; .

# (IL3)
The azimuth angle ¢,=n-4/3 denotes the position
of the ligands in the molecular x — y-plane, whereas
8, accounts for their alternating polar orientation,
namely:

8= 200°
922—200
83= 200°, etc

The form-anisotropy of water is taken into account
by its finite moments of inertia in the ground state

r=Vks 17272

2n 1
§ m* ()2 dy_fl exp (BpEsy) I (Bp ELY1—3?) dy
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The prefactor, i.e. the effective mass function, does
not depend on the azimuth «, whereas the exponen-
tial does not depend on the molecular azimuth, y.
Therefore the respective integrals factorize and can
be carried out separately. Using

V=—p-(E -sinfi-coso+ E,-sinf-sina
+ E;-cosf)

the exponential can be written as:

2

f exp (— B V) du=exp (fp Escos )
2r
- [ exp(Bpsinp) - (E;-coso+ E,-sina) do
0

=2n-exp(BpEscosf)  Iy(Bp EL sinp),

where I, is the modified Bessel function of the first
kind. It should be noted that the factorial £ in the
exponential is 1/kp T. After performing all integra-
tions in the denominator and the use of Eq. (IL5) the
rate according to Eq. (1.17) is

(IL5)

(IL6)

(Eisenberg and Kauzmann 1969). The values are:
=2.9376 - 107 gA?

L,=1.022p 107 gA?

I;=19187-107%# gA?.

The 1-axis is perpendicular to the plane of the mole-

cule, the 3-axis lies in this plane and is the bisector

of the bond angle, and the 2-axis is perpendicular to

the other two.

Owing to the axial symmetry of a dipole the
potential energy depends on the relative orientation
only. However, this quantity cannot be used as an
integration variable, because the kinetic energy has
been parameterized by Euler’s angles, which must

also be used in the potential energy. Consequently
one must write:

V=—pE=~pE-[sinf-sing - cos(a—a’)

+ cosff-cos f'].
The minimization procedure, (1.7), simply yields
g=o and f=p,
where o’ and f’ determine the direction of the local
field, which still depends on the position z:
cosd=E\/F,, cosﬁ= E3/E
with

E,=VE}+E? and E=VEI+E}+E3.

(IL4)

47 (sinh (BpE)/BpEdz

with y = cos f. In the next step the integral

2z

§ m* Gy, 0072 dy
0

has to be evaluated, where m* is identical with

A

0 : C
7 vanishes, which is

0z

due to the axial symmetry of dipole. With respect to
form-anisotropy, however, the present effective
mass function covers the most general case, because
all three moments of inertia are different. After
some tedious, but straightforward rearrangements
the effective mass function can be written as:

m*=A+B-cos(2y)+ C-sin(2y)

(1.20), except for the fact that

(IL7)

The coefficients are:

A m+ (11+12) [(27) +(2—§)2:|
d

a 2
2 (L—1)- ( - X2
04\ 04\
=i e |20 (2]
.08 3B s
(Ihi— 1> Py 11—y
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With the aid of Eq. (IL7) the integral over the
molecular azimuth, y, can be converted into the
complete elliptic integral of the first kind, K (k)
(Abramowitz and Stegun 1965), namely:

2n n

j‘ m:x:—l/zdy= 2. j [A+(A2+B2)”2

0 0 -2 (BZ+ C2)1/2 . sin2 y]—l/z dy
=4- [A+ (B2+ C2)1/2]—1/2 . K(k) .

The variable & still depends on the polar orientation

¥ =cos # and vanishes in the case of spherical sym-

metry:

_ 2. (BZ+ C2)1/2

~ A+ (B*+CH”

d4\2 3\2
o [ 0ol

| () | oo (52

(I1.8)

K (IL9)

Oz

The derivatives of the dipolar equilibrium angles &
and S are easily evaluated with the aid of Eq. (IL4):

00 _(p 08B . 0E) .

0z _(E1 0z £ 0z )/E

8f [, BE . QF; (1L.10)
0z _(E3 0z E 0z )/(ELE)'

Finally the resulting expression for the escape rate
according to Egs. (L17) and (I.19) using Egs. (11.8) -
(I.10) is given by:

1

N /;
=\ ’
\ 250 H AN I//
\ - v L £ {
L koo [y A [A\RVA AN VY AN/AW U
\! AN AV [RYAYAY VAV i
: AV T Ve R [ VL Ve !
\ AN AT L W R Ay (|
F _\\7 0 A { W ,’r\l“l,, \‘\\,’: N Vi Wi W/ |‘|‘ ’:,\‘\ i \\’I\" :'/
' URASTRAL IR R LY A N R I i
T U RV RVRVAY A YRR I W
O ARV IR VERY ‘\ll Vi WISV oy R
K 1 Ill ‘\! Vo 1 WY V ¥ i
—12‘@ Il' ‘,' ¥ i ,"
\d)I 'l' Y Y ‘." "l
X! [ i
I [ t
L500% b
Ly Wl
- -1780 /1 :T=300 K |, /i
I by
L T=100 K {*']
2009 | L
¥ e 3T 10 K L
- -2250V v
0 5 10 15 20 25 3D 35

J A+ B>+ CHVN2- K (k) - exp (BpEsx) - In(BpELV1— ) dy

Fig. 1. The potential of the mean force shown for several tem-
peratures. The energy is plotted (in units of V*/kp) against
the position of the water molecule along the channel axis. The

unit of length is 1A

orientation of the water dipole for any given posi-
tion, a finite binding energy can only be obtained as
long as the dipole is able to maintain a preferred
orientation. For increasing temperature the angular
distribution function is “smeared out” and the
activation energy decreases drastically. This effect
clearly shows up in Fig. 1. The escape rate itself has
been evaluated for a typical binding site off the
channel ends in the quasi-periodic region and is
presented in Fig. 2 in the form of an Arrhenius plot.
Here the logarithm of I" has been plotted against the
inverse temperature in the region between 200 and
1,000 K. The full line shows the Arrhenius plot for
the actual water molecule, whereas the result
represented by the dashed line neglects the finite

(IL11)

I=Vkz /27—

n/2 } exp(—fV*(2)) dz

The two remaining integrations over y and z have to
be carried out numerically. The potential of the

mean force,
V¥(z)=—kgT - In[2-sinh (FEp)/BEP],

involves the summation procedure of (IL.3). The
numerical result is presented in Fig. 1. Here the
potential profile of the present channel model is
shown at different temperatures for a single water
molecule. The potential of the mean force has been
plotted in units of V*/kp over the position of the
water molecule along the channel axis. The unit of
length is 1A. As compared to the corresponding
channel profile for an ion, the typical energies in-
volved in the present case are one order of magni-
tude smaller. Since the equilibrium profile as shown
here is solely based on the proper equilibrium

(1L12)

moments of inertia, 1.e. I;=1,=1;=0. The rate
regarding the form-anisotropy of water is, almost
temperature-independent, about 15% less than the
corresponding rate for the point-like particle. This is
a remarkable, because the moments of inertia are
relatively small. On the other hand, however, gain
and loss of potential energy essentially depend on
the dipolar orientation. Therefore a small average
deviation from the equilibrium orientation due to
precession of the dipole in the local field causes a
significant change in the effective activation energy.

Conclusion

In this article a method developed recently for the
calculation of escape rates on the basis of the transi-
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Fig. 2. Plot of In(I") against the inverse temperature for T in
the range between 200 and 1,000 K. The full line shows the
Arrhenius plot for the actual water molecule, whereas the
dashed line shows the same for a point-like water molecule

tion state method in multi-dimensional reaction
systems has been extended to anisotropic particles.
Such particles are assumed to be subject to trans-
lational and rotational motion in an external poten-
tial. The particle may be anisotropic with respect to
the internal mass distribution and with respect to
the interaction with its environment. The latter, for
instance, may be reflected by the presence of per-
manent multi-pole moments or an anisotropic polar-
izability. For any given position a rigid particle at
rest will align in the local field according to its struc-
ture, as seen by the interaction, so as to minimize
the potential energy. On the other hand the same
particle, given some rotational kinetic energy,
represents an asymmetric top spinning in the local
field. The accompanying precession and nutation,
however, produce an average deviation off the
equilibrium orientation, thus preventing a minimiza-
tion as long as the angular momenta do not vanish.
Since the equilibrium orientation depends on the
position of the particle, a change of the position
induces rotation. Thus this competitive effect is
present whenever a molecule possesses finite mo-
ments of inertia. Moreover, it has been found that
the escape rate for a sufficiently large particle, for
example, a biaxial molecule, may exhibit a signifi-
cant deviation from the simple Arrhenius law, be-
cause the transition across the saddle point appears
as a multi-activation process. Consequently a se-
quence of successive slopes instead of one should be
observed.

An exemplary calculation has been performed
for a water molecule in a gramicidin-like channel in
the second section. It has been found that the in-
dividual escape rates for jumps between two neigh-
boring binding sites are decreased by 15% for a
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water molecule with the actual moments of inertia.
Clearly this correction will have to be taken into
account in the calculation of the effective transmem-
brane current involving ions and water molecules.

The formalism developed here cannot only be
used to calculate effective transport rates in any
particular environment, but also to study bimolecu-
lar reaction rates, where at least one of the reactants
could be an anisotropic molecule. A good example
is the ion-molecule recombination process, which
has been described by means of Monte Carlo meth-
ods by other authors (Swamy and Hase 1982).
Another example of a possibly successful applica-
tion could be the rate theoretical analysis of the
head-to-head dimerization process of the gramici-
din A channel? (Venkatachalam and Urry 1983,
1984), which will be the subject of a future com-
munication.
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